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Fair value of VIX futures = 100 ∗ ටቀଷ଺ହଷ଴ ቁ ∗ ൫݁ோ்ଶܲሺ0,60ሻ െ ݁ோ்ଵܲሺ0,30ሻ൯ െ ݒܽݎሺܨݐሻሻ     [3],[4] 
Where:  
ܲ ൌ 2݁௥௧ሾ∑ ∆௞௄೔మ௜ ܲݑݐሺ݇ሻ ൅ ∑
∆௞
௄೔మ௜
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A stochastic process ሼܺ௧: ݐ ൒ 0ሽ is 
 Stationary:  ∀		ݐଵ ൏ ݐଶ ൏ ⋯ ൏ ݐ௡ିଵ ൏ ݐ௡ and k>0 	൫ܺ௧భ,⋯ , ܺ௧ೖ൯ ൌ ൫ܺ௧భశೖ,⋯ , ܺ௧೙శೖ൯  
A stationary process is a stochastic process whose joint probability distribution is identically distributed 
and does not change when shifted in time. 
 Gaussian :  ∀		ݐଵ ൏ ݐଶ ൏ ⋯ ൏ ݐ௡ିଵ ൏ ݐ௡  			ܺ௧భ⋯௧ೖ ൌ ൫ܺ௧భ,⋯ , ܺ௧ೖ൯ 
A finite linear combination of processes is multivariate normally distributed. 





ࢊ࢚࢞ ൌ ࣂሺࣆ െ ࢚࢞ሻࢊ࢚ ൅ ࣌ࢊ࢚࢝ 
An application of the Ito Lemma to ݂ሺܺ௧, ݐሻ ൌ ܺ௧݁ߠݐ yields a process X that satisfies the linear stochastic 
differential equation.  We have the following: 
௧݂ ൌ ߠܺ௧݁ఏ௧  ௫݂=݁ఏ௧  ௫݂௫ ൌ 0 
 ݂݀ሺܺ௧, ݐሻ ൌ ௧݂݀௧ ൅ ௫݂݀ܺ௧ ൅ ଵଶ ௫݂௫݀ܺ௧݀ܺ௧  
݂݀ሺܺ௧, ݐሻ ൌ ߠܺ௧݁ఏ௧݀௧ ൅ ݁ఏ௧݀ܺ௧ ൅ ଵଶ 0 ∗ ݀ܺ௧݀ܺ௧   
݂݀൫ܺ௧,ݐ൯ ൌ ߠ݂൫ܺ௧,ݐ൯݀௧ ൅ ݁ఏ௧݀ܺ௧   
׬ dfሺܺ௦, sሻ ൌ 	ߠ ׬ fሺܺ௦, sሻds௧଴
௧
଴ ൅ ׬ ݁ఏ௦	dܺ௦
௧
଴   
׬ dfሺܺ௦, sሻ ൌ 	ߠ ׬ ܺ௦݁ߠݏds௧଴௧଴ ൅ ׬ ݁ఏ௦ሾ	ߠሺߤ െ ܺ௦ሻ݀ݏ ൅ ߪ݀ݓ௦௧଴ ሿ  
׬ dfሺXs, sሻ ൌ 	ߠ ׬ ܺ௦݁ߠݏds௧଴௧଴ െ ߠ ׬ ܺ௦݁ఏ௦݀ݏ ൅ ߠ ׬ ݁ఏ௦௧଴ ߤ݀ݏ ൅ ׬ ݁ఏ௦௧଴ ߪ݀ݓ௦௧଴   
                                                            
5 S. Finch, “Ornstein‐Uhlenbeck Process” 
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׬ dfሺXs, sሻ ൌ௧଴ ߠ ׬ ݁ఏ௦
௧






ఏ ሺ݁ఏ௧ െ ݁ఏ଴ሻ  
	ܺ௧݁ఏ௧ െ ܺ଴ ൌ 	ߤ൫1 െ ݁ିఏ௧൯ ൅ ׬ ݁ఏ௦௧଴ ߪ݀ݓ௦ 	





ܧሾܺ௧ሿ ൌ ܧሾܺ଴݁ିఏ௧ሿ ൅ 	ܧሾߤ൫1 െ ݁ିఏ௧൯ሿ ൅ ܧሾߪ݁ିఏ௧ ׬ ݁ఏ௦௧଴ ݀ݓ௦ሿ  
Pulling out the constants and expressing the Ito stochastic integral as a Riemann‐Stieltjes sum and 
recognizing the expectation of a Brownian Motion is zero gives us the following. 
ܧሾܺ௧ሿ ൌ ܺ଴݁ିఏ௧ ൅ 	ߤ൫1 െ ݁ିఏ௧൯ ൅ ߪ ׬ ݁ఏ௦௧଴ ∗ ܧሾ∑ ܤݐ௜ିܤݐ௜ିଵ௡௜ୀଵ ሿ  
ܧሾܺ௧ሿ ൌ 	ܺ଴݁ିఏ௧ ൅ ߤሺ1 െ ݁ିఏ௧ሻ   
For simplicity we will assume that ܺ଴starts at zero.  
Variance: 
ܸܽݎሾܺ௧ሿ ൌ 	ܧሾܺଶሿ െ ሾܧܺሿଶ  
ܸܽݎሾܺ௧ሿ ൌ 	ܧൣሺܺ଴݁ିఏ௧ሻଶ൧ െ ܧ ቂሺܺ଴݁ିఏ௧ ൅ ߪ݁ିఏ௧ ׬ ݁ఏ௦௧଴ ݀ݓሺݏሻቃ
ଶ  where ߤ is assumed to be zero. 
ܸܽݎሾܺ௧ሿ ൌ 	ܧൣሺܺ଴݁ିఏ௧ሻଶ൧ െ ܧ ቂሺܺ଴ଶ݁ିଶఏ௧ ൅ 2ܺ଴݁ିఏ௧ߪ݁ିఏ௧ ׬ ݁ఏ௦௧଴ ݀ݓ௦ ൅ ߪଶ݁ିଶఏ௧ ׬ ݁ଶఏ௦
௧
଴ ݀ሺݏሻቃ   





ܸܽݎሾܺ௧ሿ ൌ 	 ఙ
మ
ଶఏ ሺ1 െ ݁ିଶఏ௧ሻ  
3.4 Implementation: 
We implement this process regressing spot VIX values on 1‐day lagged values.  This regression has the 
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Using the slope of our regression result and rearranging terms solves for the desired parameter. 
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Monte Carlo Simulation
















































ܵሺݐ௜ାଵሻ ൌ ܵሺݐ௜ሻ݁ିఏሺ௧೔శభି௧೔ሻ ൅ ߤ൫1 െ ݁ିఏሺ௧೔శభି௧೔ሻ൯ ൅ ߪඨ1 െ ݁
ିଶఏሺ௧೔శభି௧೔ሻ
2ߠ ∗ ܼ௜ାଵ 
ܥሺܭ, ܶሻ ൌ ݁ି௥௧ܧሾሺܵሺܶሻ െ ܭሻାሿ 






























































































ܮሺݔ: ߙ, ߚሻ ൌ ଵ௫ඥଶగఉమ ݁
ቀି భమഁమሺ௟௡௫ିఈሻమቁ  , x>0 
 
ܥሺܭ, ݐሻ ൌ ݁ି௥௧ ቄ߱ ቂ݁ఈభାభమఉభమܰሺ݀1ሻ െ ܭܰሺ݀2ሻቃ ൅ ሺ1 െ ߱ሻ ቂ݁ఈమାభమఉమమܰሺ݀3ሻ െ ܭܰሺ݀4ሻቃቅ  
Where     ݀ଵ, ݀ଷ ൌ ି ୪୬௄ାఈ೔ାఉ೔
మ




ߙ௜ ൌ ln ܵ௧ ൅ ቀߤ௜ െ ଵଶ ߪ௜ଶቁ ݐ   ߚ௜ ൌ ߪ௜√ݐ 













ܥሺܭ, ݐሻ ൌ ݁ି௥௧൛߱ൣ݁୪୬ ௌ೟ାሺఓ೔௧ሻܰሺ݀1ሻ െ ܭܰሺ݀2ሻ൧ ൅ ሺ1 െ ߱ሻൣ݁୪୬ ௌ೟ାሺఓ೔௧ሻ ܰሺ݀3ሻ െ ܭܰሺ݀4ሻ൧ൟ  
ܥሺܭ, ݐሻ ൌ ݁ି௥௧ሼ߱ሾܵ௧݁ఓభ௧ܰሺ݀1ሻ െ ܭܰሺ݀2ሻሿ ൅ ሺ1 െ ߱ሻሾܵ௧݁ఓమܰሺ݀3ሻ െ ܭܰሺ݀4ሻሿሽ  
ܥሺܭ, ݐሻ ൌ ሼ߱ሾܵ௧݁ఓభ௧ି௥௧ܰሺ݀1ሻ െ ܭ݁ି௥௧ܰሺ݀2ሻሿ ൅ ሺ1 െ ߱ሻሾܵ௧݁ఓమି௥௧ܰሺ݀3ሻ െ ܭ݁ି௥௧ܰሺ݀4ሻሿሽ  





݉݅݊ ൝෍ൣܿ௜ െ ܿ௜ሺܭ௜, ݐሻ൧ଶ
௡
௜ୀଵ
൅෍ൣ݌௜ െ ݌ሺܭ௜, ݐሻ൧ଶ ൅ ൤߱݁ఈభା
ଵ












݉݅݊ ൝෍ൣܿ௜ െ ܿ௜ሺܭ௜, ݐሻ൧ଶ
௡
௜ୀଵ











ଶ ߪ௣  Where ߪ௣ ൌ
ଵ
௔ ൛1 െ ݁ି௔ሺௌି்ൟ ∗ ට
ఙమ




















































































































































































St r t σ k d1 d2 d1 d3 Call Put Call Put C(i) P(i) α1 α2 ᵝ1 ᵝ2 1‐w Min Diff
31.62 0.02 21 0.50  10.00 9.69 9.57 8.44 3.84 22.1 0 21.63 0.00 21.85 0.00 3.44 3.42 0.14 0.32 0.60 0.06
31.62 0.02 21 0.50  15.00 6.30 6.18 5.49 2.56 17.1 0 16.64 0.00 16.86 0.01 3.44 3.42 0.14 0.32 0.60 0.06
31.62 0.02 21 0.50  16.00 5.76 5.64 5.02 2.35 16.1 0 15.64 0.00 15.88 0.02 3.44 3.42 0.14 0.32 0.60 0.05
31.62 0.02 21 0.50  18.00 4.78 4.66 4.16 1.98 14.1 0.05 13.64 0.00 13.92 0.06 3.44 3.42 0.14 0.32 0.60 0.03
31.62 0.02 21 0.50  20.00 3.90 3.78 3.40 1.65 11.6 0.03 11.64 0.00 12.00 0.14 3.44 3.42 0.14 0.32 0.60 0.17
31.62 0.02 21 0.50  21.00 3.49 3.37 3.04 1.49 11.05 0.05 10.64 0.00 11.07 0.19 3.44 3.42 0.14 0.32 0.60 0.02
31.62 0.02 21 0.50  22.50 2.91 2.79 2.54 1.28 9.4 0.1 9.15 0.00 9.70 0.29 3.44 3.42 0.14 0.32 0.60 0.13
31.62 0.02 21 0.50  24.00 2.37 2.25 2.07 1.07 8.1 0.2 7.66 0.01 8.39 0.39 3.44 3.42 0.14 0.32 0.60 0.12
31.62 0.02 21 0.50  25.00 2.03 1.91 1.78 0.94 6.9 0.28 6.68 0.03 7.55 0.47 3.44 3.42 0.14 0.32 0.60 0.46
31.62 0.02 21 0.50  27.50 1.24 1.12 1.08 0.64 5.4 0.8 4.36 0.21 5.64 0.87 3.44 3.42 0.14 0.32 0.60 0.06
31.62 0.02 21 0.50  30.00 0.51 0.39 0.45 0.37 4.3 1.85 2.44 0.79 4.05 1.92 3.44 3.42 0.14 0.32 0.60 0.07
31.62 0.02 21 0.50  32.50 ‐0.16 ‐0.28 ‐0.13 0.11 3.1 3.2 1.14 1.99 2.84 3.61 3.44 3.42 0.14 0.32 0.60 0.24
31.62 0.02 21 0.50  35.00 ‐0.78 ‐0.90 ‐0.67 ‐0.12 2.35 5.16 0.45 3.79 1.98 5.53 3.44 3.42 0.14 0.32 0.60 0.27
31.62 0.02 21 0.50  37.50 ‐1.36 ‐1.48 ‐1.17 ‐0.34 1.8 7.7 0.15 5.98 1.40 7.43 3.44 3.42 0.14 0.32 0.60 0.24
31.62 0.02 21 0.50  40.00 ‐1.90 ‐2.02 ‐1.64 ‐0.54 1.4 9.2 0.04 8.37 1.00 9.38 3.44 3.42 0.14 0.32 0.60 0.20
31.62 0.02 21 0.50  42.50 ‐2.40 ‐2.52 ‐2.08 ‐0.73 1.05 11.7 0.01 10.84 0.72 11.46 3.44 3.42 0.14 0.32 0.60 0.17
31.62 0.02 21 0.50  45.00 ‐2.88 ‐3.00 ‐2.50 ‐0.92 0.8 13.6 0.00 13.33 0.52 13.69 3.44 3.42 0.14 0.32 0.60 0.09
sum 2.42
Black‐Scholes RN approach Market Price Theoretical Price
Date α1 α2 β1 β2 1‐w
Nov 11' 4.04 3.42 0.95 0.20 0.99
Oct 11' 3.37 3.37 0.26 0.24 0.94
Sept 11' 3.76 3.72 0.00 0.27 0.88
Aug 11' 3.44 3.42 0.14 0.32 0.60
July 11' 2.87 3.07 0.69 0.26 0.93
Jun 11' 2.80 2.98 0.08 0.29 0.28
May 11' 2.74 2.79 0.00 0.17 0.99
Apr 11' 2.71 2.79 0.00 0.20 1.00
Mar 11' 2.91 2.93 0.07 0.20 1.00
Feb 11' 2.92 2.93 0.07 0.19 1.00
Jan 11' 2.97 2.95 0.04 0.21 1.00
Dec 10' 2.89 2.97 0.00 0.21 1.00





standard random normal with a mean of 0 and variance of 1 which has the form ݖ ൌ ௫ିఓఙ   and we 
express it in the form of an exponent	ݔ ൌ 	݁ఓାఙ௭.  Solving for our sample variable from the lognormal 
distribution we have the following: 
ߙ ൌ ݁ఓඥ݁ఙమ      ߚ ൌ ݁ଶఓ݁ఙమ൫݁ఙమ െ 1൯ 
Mean: 
ߙଶ ൌ ݁ଶఓ݁ఙమ    ,  ߤ ൌ ௟௡൫ఈమ൯ିఙమଶ  
 
Variance: 
ߚ ൌ ݁ଶఓାఙమାఙమ െ ݁ଶఓାఙమ    ,   ߚ ൌ ߙଶ݁ఙమ െ ߙଶ   ,  ఉఈమ ൌ ݁ఙ
మ െ 1  ,  ߪ ൌ ට݈݊ ቀ ఉఈమ ൅ 1ቁ 
Having achieved this we are once again able to run simulations using the Ornstein‐Uhlenbeck process 
with the desired lognormal distribution and calculate VIX futures.  This serves as our estimate of VXX. 
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6. Appendix A 
%% Calculate the Roll Yield 
  
% Import the file 
[data3, date3]=xlsread('C:\Temp\MasterDoc Futures Prices.xlsx', 'Summary'); 
  
%Extract the data 
x = datenum(date3(2:end,1)); 
y = data3(:,1); 
  
%Calculate the difference in rolling the contract fwd 1 month 
[M,N] = size(data3); 
  
for i = 1:N-1 
    Roll(:,i) = data3(:,i)-data3(:,i+1);     
end 
  
%Map in the locations of the roll yields 
map=zeros(M,1); 
  
for ii = 1:M 
    b = find(~isnan(Roll(ii,:))); 
    if b>0 
       map(ii,1) = b(1,1); 
    else 
       map(ii,1) = 1; 
    end 
end 
     
%Calcuate the Roll Yield 
RollYield = []; 
for iii = 1:length(map) 
    RollYield(iii,1) = Roll(iii,map(iii,1))*(1/(250/12)); %assuming there are 
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7. Appendix B 
%% Parameter estimation 
 
function [theta, mu, sigma] = ParameterEstimation(Vix, deltaT) 
  
% Create a vector of Stock price differences 
Y = Vix(1:end-1); 
  
X = ones((length(Vix)-1),2); 
X(:,2)= Vix(2:end); 
  
%Run a regression 
[Coef, CoefInt, residual] = regress(Y,X); 
  




%Calculate the Parameters for the O-U process 
theta = -log(Slope)/deltaT;  
mu = (Intercept/(1-Slope)); 




































% W = Window of Vix historical data to use in the regression 
% T = number of time steps 
% N = # days forecasted fwd 
% K = Strike price 
% r = discount rate (Libor or the 90 day rate) 
% M = # of Monte Carlo simulations 
  
%% Ornstein Uhlenbeck 





%Create a Rolling window of prices to calculate the parameter estimates n day 
forward estimate 
if length(VixPrices)< W 
  error disp('Not enough data'); 
else 
   for i = 1:(length(VixPrices)-W+1) 
   Vix = VixPrices(length(VixPrices)-W+(2-i):length(VixPrices)-i+1); 
    
%% Estimate the parameters of our process 





%Form a vector of standard normal variables 
z=randn(N,M);  
  
%Generate the intial value 
s(1,:) = Vix(1,1);  
  
%Generate subsequent value of your OU process 
for ii=1:M  %path number 
    for j=1:N %draw number 
        s(j+1,ii) = s(j,ii)*exp(-theta*deltaT)+mu*(1-exp(-
theta*deltaT))+sigma*sqrt((1-exp(-2*theta*deltaT))/2*theta)*z(j,ii); 
    end 
end 
  
%Average the stock price over all paths 
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%Calculate the value of the option 
 
        for k=1:length(K) 
    
            Call = exp(-r*deltaT)*max(s(end,:)-K(k),0); 
            CHat(k,1)=(1/(length(Call)))*sum(Call); 
             
            Put = exp(-r*deltaT)*max(K(k)-s(end,:),0); 
            PHat(k,1)=(1/(length(Put)))*sum(Put); 
        end 
  


























% W = Window of Vix historical data to use in the regression 
% T = number of days 
% N = # time steps  
% K = Strike price 
% r = discount rate (Libor or the 90 day rate) 
% M = # of Monte Carlo simulations 
  
%%  Ornstein Uhlenbeck 





%Create a Rolling window of prices to calculate the parameter estimates n day 
forward estimate 
if length(VixPrices)< W 
  error disp('Not enough data'); 
else 
   for i = 1:(length(VixPrices)-W+1) 
   Vix = VixPrices(length(VixPrices)-W+(2-i):length(VixPrices)-i+1); 
     
%% Estimate the parameters of our process 
[theta, mu, sigma] = ParameterEstimation(Vix, deltaT); 
  





%Form a vector of standard normal variables 
[Z] = RandLogNormal(avg, sigma, N, M);  
z=Z; 
  
%Generate the intial value 
s(1,:) = Vix(1,1);  
  
%Generate subsequent value of your OU process 
for ii=1:M  %path number 
    for j=1:N %draw number 
        s(j+1,ii) = s(j,ii)*exp(-theta*deltaT)+mu*(1-exp(-
theta*deltaT))+sigma*sqrt((1-exp(-2*theta*deltaT))/2*theta)*z(j,ii); 
    end 
end 
  
%Average the stock price over all paths 
x(:,i) = mean(s,2);  
  









%% Generate random lognormals 
function [x] = RandLogNormal(mean, sigma, N, M) 
  
        s= sqrt(log(sigma^2/mean^2+1)); 
        mu = log(mean)-s^2/2; 
         
        x = exp(mu+s*randn(N,M)); 


















30 | P a g e  
 
11.    Appendix F 
%% Run a quadratic least squares optimization 
  
[x] = lsqnonlin(@QuadLstSqOpt, x0,[1e-10 1e-10 1e-10 1e-10 1e-10],[[] [] [] 
[] 1],options, Spot, Strike, Call, Put, deltaT, r); 
 
%% Create a function to call the Risk Neutral Density parameters 
  
function [X ,Y, Z] = QuadLstSqOpt(x0, Spot, Strike, Call, Put, deltaT, r) 
%All parameters are scalars except xo which is a matrix with parameters 
(mean1, mean2, sigma1, sigma2, wgt) 
  
[X] = CallDensity(x0, Spot, Strike, Call, deltaT, r); 
[Y] = PutDensity(x0, Spot, Strike, Put, deltaT, r); 
[Z] = SpotDensity(x0, Spot, Strike, deltaT, r); 
 
%% Calculate the Spot density 
  
function [x] = SpotDensity(x0, Spot, Strike, deltaT, r) 
%All parameters are scalars except xo which is a matrix with parameters 
(mean1, mean2, sigma1, sigma2, wgt) 
  
%Move the variables into model parameter names 
mu1 = x0(1,1); 
mu2 = x0(1,2); 
sigma1 = x0(1,3); 
sigma2 = x0(1,4); 
wgt = x0(1,5); 
  
%Calculate Alpha(i) and Beta(i) 
alpha(:,1) = log(Spot)+ (mu1-.5*(sigma1.^2))*deltaT; 
alpha(:,2) = log(Spot)+ (mu2-.5*(sigma2.^2))*deltaT; 
  
Beta(:,1) = sigma1*sqrt(deltaT); 
Beta(:,2) = sigma2*sqrt(deltaT); 
  
%Calculate d1, d2, d3, d4 
d1 = (-log(Strike)+alpha(:,1) + Beta(:,1).^2)./Beta(:,1); 
d2 = d1 - Beta(:,1); 
d3 = (-log(Strike) + alpha(:,2) + Beta(:,2).^2)./Beta(:,2); 
d4 = d3 - Beta(:,2); 
  




%Calculate the difference between the observed market price and the 
theoretical price 
x=zeros(length(S),1); 
x(1,1) = S(1,1); 
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%% Calculate the Put density 
  
function [x] = PutDensity(x0, Spot, Strike, Put, deltaT, r) 
%All parameters are scalars except xo which is a matrix with parameters 
(mean1, mean2, sigma1, sigma2, wgt) 
%Put is a vector of observed market prices on put options 
  
%Move the variables into model parameter names 
mu1 = x0(1,1); 
mu2 = x0(1,2); 
sigma1 = x0(1,3); 
sigma2 = x0(1,4); 
wgt = x0(1,5); 
  
%Calculate Alpha(i) and Beta(i) 
alpha(:,1) = log(Spot)+ (mu1-.5*(sigma1.^2))*deltaT; 
alpha(:,2) = log(Spot)+ (mu2-.5*(sigma2.^2))*deltaT; 
  
Beta(:,1) = sigma1*sqrt(deltaT); 
Beta(:,2) = sigma2*sqrt(deltaT); 
  
%Calculate d1, d2, d3, d4 
d1 = (-log(Strike)+alpha(:,1) + Beta(:,1).^2)./Beta(:,1); 
d2 = d1 - Beta(:,1); 
d3 = (-log(Strike) + alpha(:,2) + Beta(:,2).^2)./Beta(:,2); 
d4 = d3 - Beta(:,2); 
  






%Calculate the difference between the observed market price and the 
theoretical price 
x = Put - P; 
 
%% Calculate the Call density 
  
function [x] = CallDensity(x0, Spot, Strike, Call, deltaT, r) 
%All parameters are scalars except xo which is a matrix with parameters 
(mean1, mean2, sigma1, sigma2, wgt) 
%Call is a vector of observed market prices on call options 
  
%Move the variables into model parameter names 
mu1 = x0(1,1); 
mu2 = x0(1,2); 
sigma1 = x0(1,3); 
sigma2 = x0(1,4); 
wgt = x0(1,5); 
  
%Calculate Alpha(i) and Beta(i) 
alpha(:,1) = log(Spot)+ (mu1-.5*(sigma1.^2))*deltaT; 
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alpha(:,2) = log(Spot)+ (mu2-.5*(sigma2.^2))*deltaT; 
  
Beta(:,1) = sigma1*sqrt(deltaT); 
Beta(:,2) = sigma2*sqrt(deltaT); 
  
%Calculate d1, d2, d3, d4 
d1 = (-log(Strike)+alpha(:,1) + Beta(:,1).^2)./Beta(:,1); 
d2 = d1 - Beta(:,1); 
d3 = (-log(Strike) + alpha(:,2) + Beta(:,2).^2)./Beta(:,2); 
d4 = d3 - Beta(:,2); 
  







%Calculate the difference between the observed market price and the 
theoretical price 
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